Abstract-This paper develops a generalized adaptive fuzzy control scheme for MIMO nonlinear second order systems. Here, the example robotic manipulators is used to illustrate the control algorithm. The controller for each degree of freedom (DOF) consists of a feedback fuzzy PD systems used to keep the closed-loop stable. The rule base consists of only four rules per each DOF. Furthermore, the fuzzy feedback system is decentralized and simplified leading to a computationally efficient control scheme. The proposed control scheme has the following advantages: 1) it needs no exact dynamics of the system and the computation is timesaving because of the simple structure of the fuzzy systems; and 2) the controller is robust against various uncertainties. The computational complexity of the proposed control scheme has been analyzed and compared with previous works. Computer simulations show that this controller is effective in achieving the control goals.  Index Terms-robot manipulators, fuzzy pd feedback control, closed-loop stability, computational complexity
I. INTRODUCTION
Generally speaking, multiple-input multiple-output (MIMO) systems usually have characteristics of nonlinear dynamics coupling. Therefore, the difficulty in controlling MIMO systems is how to overcome the coupling effects between the degrees of freedom. The computational burden and dynamic uncertainty associated with MIMO systems make model-based decoupling impractical for real-time control.
Adaptive control has been studied for many decades to deal with constant or slowly changing unknown parameters. Applications include manipulators, ship steering, aircraft control and process control. Although the perfect knowledge of the inertia parameters can be relaxed via adaptive technique, its real practical usefulness is not really clear and the obtained controllers may be too complicated to be easily implemented, [1] . Also, because of many design parameters, like learning rates and initialization of the parameters to be adapted, etc., most existing methodologies have limitations. Moreover, owing to the different characteristics among design parameters, attaining a complete learning, while considering an overall performance goal, is an extremely difficult task, [2]  Manuscript received January 1, 2015; revised June 21, 2015.
Fuzzy controllers have demonstrated excellent robustness in both simulations and real-life applications. However, it has been proved that standard fuzzy logic controllers are not suitable for loop controllers, [3] . This fact is referred to that there are many tuning parameters in membership functions and control rules. Furthermore, standard fuzzy logic controller has a long computation time since it performs fuzzification, inference, and defuzzification processes in determining control inputs. Thus, it is difficult for control inputs of standard fuzzy logic control to be computed within the sampling time of a loop controller. For this reason, complexity reduction of fuzzy feedback controllers was the topic of many researchers; for instance see [4] .
In this paper, we focus on the design of an adaptive fuzzy feedback controller based on the Lyapunov synthesis. Only four rules constitute the rule base for each DOF. Furthermore, the fuzzy feedback controller is decentralized and simplified leading to a computationally efficient adaptive fuzzy control scheme. To demonstrate the proposed approach, we use the example of robotics because it is a well-known example of nonlinear MIMO second order systems.
The paper is outlined as follows: in Section 2, the robot model and the nominal value of its parameter are introduced. This model is used to generate simulation data instead of experimental data from real robot platform. In Section 3, the fuzzy feedback controller is derived based on the Lyapunov direct method. Furthermore, the controller is simplified, i.e. it has a closed form mathematical relation with only three parameters need to be tuned and the controller gain is adaptively determined on-line so as to minimize a performance index. Section 4 discusses the computational complexity of the proposed control scheme in comparison with previous works. Simulation results are demonstrated in Section 5. Finally, some concluding remarks are given in Section 6.
II. ROBOT MODELING AND THE CONTROL STATEMENT
Without the loss of generality, we take the two-link rigid robot shown in Fig. 1 , as an example to demonstrate the proposed control scheme. The inverse dynamic model is expressed as: Position control, or also the so-called regulation problem is one of the most relevant issues in the operation of robot manipulators. This is a particular case of the motion control or trajectory control. The primary goal of motion control in joint space is to make the robot joints track a given time-varying desired joint position,
Several control architectures related to robot control can be found in literature ranging from the simple PD, learning based, adaptive, and adaptive/learning hybrid controllers. The reader is referred to [6] , [7] and the references included. The main advantage of the PD controller is that it can easily be implemented on simple microcontroller architectures. On the other hand, the performance obtained from PD controllers is not satisfying for most of the sensitive applications [7] .
III. DECENTERALIZED ADAPTIVE FUZZY CONTROL
The performance of any fuzzy logic controller is greatly dependent on its inference rules. In most cases, the closed-loop control performance and stability are enhanced if more rules are added to the rule base of the fuzzy controller. However, a large set of rules requires more on-line computational time and more parameters need to be adjusted. Adjustment of the fuzzy system may be achieved using GAs [8] . However, GAs cannot be used on-line and perfect mathematical model or experimental data should be available. In this Section, a robust adaptive PD-type fuzzy feedback controller is driven for a class of MIMO second order nonlinear systems.
A. Construction of Fuzzy Feedback Controllers
In this Sub-section we apply the fuzzy synthesis to the design of stable controllers. To this end, consider a class of MIMO nonlinear second order systems whose dynamic equation can be expressed as:
is an unknown continuous function, u is the feedback control input and
the state vector and
. We now seek a smooth Lyapunov function
for the continuous feedback model (1) that is positive definite,
, and grows to infinity:
Obviously, this holds for a generalized Lyapunov candidate function of the following quadratic form:
Differentiating (3) with respect to time gives
Then the standard results in Lyapunov stability theory imply that the dynamic system (2) has a stable equilibrium (4) is 0  along the system trajectories. To achieve this, we have chosen the control ) (x u i to be proportional to i x  .
Next, our controller design is achieved if we determine a fuzzy control ) (x u i FB so that:
where i  is a positive constant. The results of Wang [9] state that, a fuzzy system that would approximate (5) exists. To this end, one would consider the state vector ) (t x and ) (t x  to be the inputs to the fuzzy system. The output of the fuzzy system is the feedback control i u . A possible form of the control rules is:
where the (lv) are linguistic values (e.g. positive, negative). These rules constitute the rule base for a Mamdani-type fuzzy controller.
In the above formulation, two basic assumptions have been made. They are:
 The knowledge of the state vector. It is assumed to be available from measurements.
 The control input, u is proportional to x  . This assumption can be justified for a large class of second order nonlinear mechanical systems, [10] . For instance, here in robotics, it means that the acceleration of links is proportional to the input torque. These two assumptions represent the basic knowledge about the system which is needed to derive the control rules. Clearly, the exact mathematical model is not needed.
B. Adaptive Fuzzy Feedback Control Design
Robots are familiar examples of trajectory-following mechanical systems. Their nonlinearities and strong coupling of the robot dynamics present a challenging control problem. In practice, the load may vary while performing different tasks, the friction coefficients may change in different configurations and some neglected nonlinearities as backlash may appear. Therefore, the control objective is to design a stable fuzzy controller so that the link movement follows the desired trajectory in spite of such effects.
Consider a class of robots whose vector of generalized coordinates is denoted by (8) In some neighborhood of the equilibrium of (7).
Taking the control u to be proportional to e  , Eqn (8) can be rewritten as: In concluding words, the presented approach transforms classical Lyapunov synthesis from the world of exact mathematical quantities to the world of words [10] . This combination provides us with a solid analytical basis from which the rules are obtained and justified. Relative to other works, this number of rules is quite small. For example, in [11] , the rule base of a two-link robot consists of 625 rules. After introducing a rule base reduction approach, the authors in [11] reach to a rule base consists of 160 rules, which is hard to be implemented.
To complete the design, we must specify the fuzzy system with which the fuzzy feedback computes the control signal. The Gaussian membership defining the linguistic terms in the rule base is chosen as follows:
and z stands for control variable, the product for "and" and center of gravity inferencing. For
denotes the joint number, the above four rules can be represented by the following mathematical expression: 
In (10), the inputs are the error in position i e and the error in velocity i e  and the output is the control input of joint i; i.e. it is a PD-type fuzzy feedback controller. The following remarks are in order:
 The fuzzy controller in (10) is a special case of fuzzy systems, where Gaussian membership functions are used to introduce the input variables ( i e and i e  ) to the fuzzy network. Also, the fuzzification and defuzzification methods used in this study are not unique; see [10] for other alternatives. For example, using different membership functions (e.g. triangular, trapezoidal etc.) will result in a different fuzzy controller. However, the controller in (10) is a simple one and the closed form relation between the inputs and the output makes it computationally inexpensive.  Only three parameters per each DOF need to be tuned, namely, they are i k , i a 1 and i a 2 . This greatly simplifies the tuning procedure; since the search space is quite small relative to other works. For instance, the fuzzy controller in [12] 
where input i r is a constant. According to the gradient method, the learning algorithm of the parameter i k in the feedback fuzzy controller (10) can be derived as follows:
Thus, the fuzzy feedback controller uses the i e , i e  and i u to compute (12) and update the control gain i k given
The overall closed-loop control system is shown in Fig. 2 .
The update law (12) i u Figure 2 . Configuration of the proposed decentralized fuzzy control scheme of joint i.
IV. COMPUTATIONAL ASPECTS
In general, control algorithms for closed loop control should require short computation time due to limited memory of low-cost microprocessors. This Section discusses the computational complexity of the feedback controller and compares it with that of a self-tuning fuzzy controller proposed in [13] . It is shown that the proposed control scheme is computationally very efficient.
Naturally, the computational burden can be evaluated in terms of required mathematical multiplication and addition operations. The computation of the fuzzy feedback controller can be divided into two parts: computation of (10) and computation of the adaptive gain; i k , (12) . For the sake of comparison, Table II demonstrates the computational complexity of our scheme with the self-tuning fuzzy controller proposed in [13] . The comparison is fair since the feedback controller in [13] is essentially a PD fuzzy controller with selftuning mechanism. In [13] , the rule base has been transformed to a decision table and is used by a backpropagation algorithm to adjust the scaling factors of the fuzzy system. The difference resides in the fact that the rule base in [13] consists of 49 rules for one DOF system composed of two stages and some learning steps are needed by the second stage, while the tuning system using (12) is much simpler. Simulation results, in the coming Section, show that it is also efficient. V. SIMULATION RESULTS
The purpose of the simulation is to investigate the robustness of the proposed control scheme. The robot system considered in the simulation is the two-link robot presented in Section 2. Through the simulations, the physical insight of the behavior is revealed. In the coming results, it is assumed that ) 1 ( 5 . 0 The input torques are shown in Fig. 3 and Fig. 4 shows the evolution of the tracking errors. They show that the errors have converged to zero. Note that the transient period is less than 0.5 seconds. Otherwise, it is interesting to notice how the control gains evolve with time. In order to observe how the controller behaves in the presence of various uncertainties, two types of uncertainties are considered, namely, unmodeled nonlinear friction and unknown payloads.
A. Unmodeled Friction
At the off-line training stage of our simulation, we obtain the training samples from the robot model in (1), which does not consider the nonlinear friction. In order to examine the performance of the controller in the presence of unmodeled nonlinear friction, the following unmodeled nonlinear friction is added at the control stage: . Results are shown in Fig. 6 and Fig. 7 . It can be noticed that the transient period has increased relative to the cases when the friction was not considered. Also the input torques is relatively higher during this period. Nevertheless, convergence of the tracking errors has been achieved. 
B. Unknown Payload
In robot systems, the unknown payload is one of the major dynamic uncertainties. Compared with the parameter uncertainties and unmodeled friction, the influence of unknown payload is much greater. The coming results are obtained when the mass and inertia of the base and elbow links (carrying the payload) have been increased to 150%. This increase in the mass and inertia of the two links is supposed to be unknown. Fig. 8 shows that input torque is relatively high. Also, the tracking errors exhibit larger overshoot during the transient period, Fig. 9 . However, convergence of errors to a narrow region close to zero has taken place. 
VI. CONCLUSIONS
In this paper, a decentralized adaptive fuzzy control scheme for second order systems has developed. Simulation results for robot manipulator show that the proposed control scheme works well, even if the ideal model is not in concordance with the real inverse dynamics. An important feature of this study is that it has transferred the proposed fuzzy feedback controller to a closed-form relation between the inputs and the output, leading to a computationally efficient adaptive fuzzy logic controller. The rule base consists of only four rules and has a PD-like structure. The gains are tuned on-line based on the gradient method. This feedback controller is inherently bounded; the upper and lower bounds can be arbitrary selected by suitably adjust its parameters. Finally, it can be concluded that using the proposed control approach presents a convenient option for controlling a large class of nonlinear MIMO second order systems.
